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IN SILICO MODEL FOR DETERMINATION OF IN VIVO PRE-STRETCH IN

NEONATAL AND ADULT MURINE CRANIAL DURA MATER

Abstract

by

Jack Consolini

Cranial dura mater is a dense interwoven vascular connective tissue that pro-

tects the brain and helps regulate neurocranial remodeling during head development.

In vivo investigations indicate that the tissue mediates cranial suture fusion by re-

sponding to strains from the growing brain. Ex vivo experimentation has attempted

to characterize the mechanical properties that make the dura an effective mechanore-

ceptor and mechanotransmitter; however, they fail to capture key characteristics

of the dura in vivo, such as the impact of tissue pre-stretch. Residual strain, or

pre-stretch, is an important quality of many biological tissues, and when not accu-

rately captured by ex vivo experiments, generally leads to underestimation of me-

chanical stiffness. Considering the importance and lacking characterization of dural

pre-stretch, this study aimed to create a robust in silico model for determination

of in vivo pre-stretch in neonatal and adult murine cranial dura mater. Transverse

and longitudinal incisions were performed ex vivo in the parietal dura of newborn

(day ∼4) and mature (day 60+) mice. In silico models of incised neonatal and adult

dura experiencing isotropic stretching in the plane transverse to the model’s surface

normal were simulated in Abaqus/Standard. The ex vivo and in silico incision open-

ing ratios (opening width over length) were compared, allowing the in vivo in-plane

pre-stretch to be determined. Images of cut openings and estimations of pre-stretch
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indicate the dural pre-stretch is direction-dependent. Differences in neonatal and

adult pre-stretch provided further insight into the age-dependency of murine cranial

dura mater pre-stretch.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Scientific and clinical research of mammalian brain and skull development provide

evidence that the cranium expands concurrently with the growing brain. Computa-

tional [1–3] and experimental [4–6] studies looking to better understand cranial mat-

uration have implicated the meninges—tissues that surround and protect the brain

and spinal cord—as very important mechanoreceptors and mechanotransmitters. In

particular, the dura mater, the outermost meningeal layer fixed to the calvaria, is

responsible for properly timing and pacing the ossification of the cranial sutures [7–

11]. Pressure from the growing brain fosters morphological remodeling of the cranial

vault [6], separating the diploic bone plates [12] and avoiding increased pressure on

the cerebral cortex. Neurocranial expansion induces quasi-static tensile strains within

the cranial sutures, leading to mineralization of the fibrous joints via endochondral

ossification [6]. The dura mater controls suture fusion by timely provision of extra-

cellular matrix molecules and release of osteogenic growth factors and cytokines [6].

In pathological growth cases, such as those of craniofacial malformations (including

craniosynostoses), the dura mater improperly senses pressure from the brain, leading

the cranial sutures to prematurely fuse [6, 13, 14]. Healthy suture fusion is dependent

on the cranial dura having the correct physical and mechanical properties, allowing

it to appropriately respond to mechanical loads.

The dura mater’s thickness, stiffness, elasticity, permeability, hardness, and strength

affect how the tissue experiences strain. A significant body of work [13, 15–27] has
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studied the mechanical properties of mammalian (human, porcine, and rodent) dura

mater, offering some characterization of the tissue’s material behavior. At this point,

it is understood that mammalian dura mater deforms non-linearly [13, 16, 19, 20, 22,

23, 27] and in a time-dependent manner [20, 22, 28, 29], acting as a hyperelastic and

viscoelastic material. Additionally, cranial dura appears to have globally uniform

physical and mechanical properties [19, 26], with local variation due to changes in

thickness [30–32] and collagen alignment/structure [5, 21, 25, 26]. The major limita-

tion of these works is that the dura mater was tested in an environment foreign to its

in vivo conditions. Many investigations performed uniaxial [15, 20, 23, 24, 26, 27] or

biaxial [16, 19, 23] tensile tests on freshly excised or preserved samples with simple

geometries (typically dumbbell, rectangle, or square). The ex vivo experiments fail

to capture important characteristics of the dura mater’s in situ environment, such

as the impact of the tissues curvature or firm connection to the skull. Moreover,

aside from generic pre-conditioning done prior to loading, almost all studies neglect

to consider the residual strain or pre-stretch the dura mater experiences in vivo.

Like many biological tissues, the dura mater naturally exists in a “pre-stretched”

state, where the material is constantly under tension or pressure due to interactions

with other soft tissues and surrounding bones. Significant research has shown that

ignoring the pre-stretch of a tissue can drastically alter the calculation of the mate-

rial’s mechanical properties [33–36]. Non-linearly elastic materials, like dura mater,

generally have different stiffness regimes at varying strains, thus, disregarding pre-

stretch may mean the tissue is actually deforming below or outside of its apposite

operating range [35]. Most ex vivo investigations overlook pre-stretch, generally lead-

ing the mechanical stiffness to be underestimated. This can have significant clinical

implications, especially for patients with cranial facial malformations.

For example, newborns suffering with craniosynostoses can receive early surgi-

cal interventions—such as cranioplasty [37] and spring-assisted cranioplasty (SAC)
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[38]—to alleviate increased intracranial pressure. Safety and efficacy of the proce-

dures strongly rely on the dura remaining intact, for tearing could lead to vascular

leakage or infection [37]. In the case of SAC, the implanted spring must have the

right stiffness so that the dura is not stretched beyond its in vivo ultimate tensile

strength. If the tissue is to tear, autografts and synthetic materials can be used to

repair the dura. Yet, additional ailments, such as infectious lesions [39], can arise

if the replacement material is not mechanically and biologically compatible. In this

example, the distinction between in vivo and ex vivo stiffness becomes important, as

the value affects the tools and success of surgical intervention.

The merit of the current work is predicated on the evident importance of under-

standing the in vivo mechanics of the dura-calvaria boundary. This study of murine

cranial dura mater pre-stretch was completed with the intent to offer preliminary

steps toward the creation of even more robust, validated models of human dural

pre-stretch. Eventually, intricate, patient-specific geometries with experimentally

determined parameters may lead to safer and more effective treatments for cranial

growth pathologies.

1.2 Background

The dura mater is the thickest and toughest of the meningeal membranes and

comprised of two layered sheets: the periosteal (outer) and meningeal (inner) layer

[40]. Each layer is composed of collagen fibers; however, the periosteal has a more

locally irregular collagen structure than the meningeal, and contains fibroblasts and

bone-tissue-producing osteoblasts [21, 25]. The entirety of the dura mater is a vas-

cularized tissue, yet, the outer layer is significantly less vascular than the inner [41].

Examinations of material structure [5, 7, 21, 25] indicate the differences between

the meningeal and periosteal tissue reflect the dura’s primary functions: 1) supply-

ing blood and nutrients to the head and 2) regulating cranial suture fusion. The

highly vascularized inner layer provides adequate blood supply to the skull and other
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meningeal tissues, while also jettisoning cellular waste products [41]. Studies of brain

and skull growth [8, 21, 42] have shown that osteoblast residence in the outer layer

is important, as it contributes bone cells necessary for appropriately timed mineral-

ization of a suture site.

Initially fibrous cranial sutures fuse the gaps between cranial plates via endro-

chondral bone formation: the soft temporary tissue is replaced with firm cortical

bone [6, 43]. Suture mineralization begins once the osteoblasts and their precursors

are instructed to migrate from the dura mater and calvaria to the suture surface [11].

The dura encourages osteoblast proliferation by prompting the release of biochemical

signals that have been triggered by increased pressure from the developing cortex.

The dura acts as a biological strain gauge, thus it is imperative that the tissue prop-

erly deforms to applied strains. Alteration of the dura’s mechanical properties, via

changes in material composition or residual stresses, could inhibit the tissue’s ability

to cue osteoblastic differentiation, leading to cranial disfigurement. Common patholo-

gies such as premature suture fusion, or craniosyostoses, can be effectively resolved

with surgical intervention [37, 38, 44]. However, improved treatment is dependent

upon better characterization of the dura mater’s in vivo mechanical environment, in

particular, the tissue’s pre-stretch.

While pre-stretch has not been deeply studied in the case of cranial dura mater,

the study of residual strains and stresses has been heavily reported on within the

broader field of tissue mechanics. The classical procedure for investigating residual

strain was instituted by Fung and Liu [45] and Han and Fung [33], who performed

cut experiments into arterial tissue. By measuring the opening angle of an incised

artery, Fung effectively quantified the residual strain in the direction normal to the

cut. Subsequent work and technological improvements have expanded on Fung’s

methods [35, 46, 47] and tissues of interest, including the gastrointestinal tract [48],

skin [49–51], and even the brain [52]. A principal through-line of these works is the
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indication of inconsistencies between ex vivo and in vivo measurements [35].

Firstly, strains measured ex vivo are generally larger than in vivo estimations

[35]. Ex vivo tissue is loaded from zero stretch, leading to over-estimation of the

available linear toe region. Most tissues are relatively less compliant in vivo, and are

often residually stressed into their rigid regime. For example, multiple in vivo experi-

ments have recorded cardiac valve leaflets are naturally strained between 5% and 10%

[53, 54]. Physiologically, the in vivo collagen fibrils have already experienced a degree

of straightening, while ex vivo fibers are wavy and stress-free. Secondly, stress-strain

curves obtained from ex vivo mechanical testing generally under-estimate in vivo

stiffness. Many soft tissues, like dura mater, have the ability to withstand incredibly

high elastic deformation. Ex vivo testing systemically reports lower stiffnesses than

in vivo estimates [35], likely because deceased tissue has different physical properties.

Excised tissues are often softer and weaker because the dehydrated, dead tissue is

more brittle. This phenomenon can be observed when looking at fresh versus pre-

served samples of dura mater; McGarvey et al. [21] reported a reduction in stiffness of

the preserved human dura mater (fresh: 61.5± 9.6MPa, preserved: 45.2± 3.0MPa).

Advancements in medical imaging technology and minimally invasive analyses

have better articulated the effects of in vivo pre-stretch on stiffness [55]. Simulta-

neously, computational methods have been utilized to bridge the gaps between ex

vivo and in vivo investigations. Recent efforts by Henderson et al. [28] and Rausch

and Kuhl [35] have demonstrated how effective finite element analyses can be for

determination of in vivo pre-stretch, and have inspired the current work.

Henderson et al. [28] aimed to determine the magnitude and age-dependency of

residual strain in rat cranial dura mater. This was accomplished by preforming trans-

verse and longitudinal incisions on the parietal dura of immature and mature rats

(post-natal day 2-26). Henderson et al. [28] created a finite element model of the

dural incisions and applied a series of transverse and longitudinal displacements to
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the model, thus obtaining an expression which related the in silico incision opening

widths and lengths to the applied directional strains. They offered estimated values

for average residual strain across the different post-partum days, however, the analysis

was significantly limited by the simplicity of the computational model. Their model

neglected to consider the in vivo geometry and non-linear stress-strain behavior of

rodent cranial dura mater. To improve upon the previous work, this study aimed to

create robust in silico models that are more closely reminiscent of the neonatal and

adult murine dura’s in vivo geometry and material behavior. The second objective

was to determine the in vivo pre-stretch associated to ex vivo transverse and longitu-

dinal dural incisions. The final objective was to examine the age-dependency of the

in vivo in-plane pre-stretch.

The newly developed models approximate the dura mater as a neo-Hookean solid

with isotropic material behavior and homogeneous material properties. The material

model was calibrated to experimental data of rat cranial dura deformation under uni-

axial tension. The tissue was modeled as a three-dimensional 1/8 ellipsoid geometry,

which was scaled to both the neonate and adult mice sizes. Taking inspiration from

the theory of finite growth in soft tissues [56] and the kinematic description of pre-

strain [35], a mathematical model was applied to simulate isotropic stretching in the

plane transverse to the in silico model’s surface normal. The resulting computational

incision opening ratios (opening width over length) were compared to experimental

values obtained from a concurrent experimental study of ex vivo dural incisions per-

formed in newborn (day ∼4) and adult (day 60+) mice. Chapter 2 details the ex vivo

slitting experiment and development of the murine cranial dura pre-stretch model.

The determined in vivo in-plane pre-stretch is discussed in Chapter 3, along with

the experimental and computational limitations of the investigation. Chapter 4 con-

cludes this thesis by summarizing the significant findings and providing insight into

potential future directions.
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CHAPTER 2

METHODOLOGY

2.1 Ex vivo murine dural incision

2.1.1 Ex vivo dural incision

Time-dated pregnant adult (day 60+) female Institute of Cancer Research (ICR)

mice were purchased from Envigo (Indianapolis, IN). The pregnant females were

housed and fed for roughly five days in a temperature- and light-controlled environ-

ment. Upon birth of the pups—normally a day after the mice were received—the

newborn mice were housed with the adult females until each group were sacrificed,

dissected, and incised. The entirety of the sacrifice, dissection, and dural incision of

the murine cranial dura mater was carried out by Dr. Alyssa Oberman, within the

animal care and use guidelines outlined by the University of Notre Dame.

Four days after birth, the adult mice were sacrificed via euthanasia using a Eu-

thanex chamber to induce CO2 inhalation. The neonatal mice were sacrificed via eu-

thanasia through decapitation after being anesthetized in a bell jar with isoflourane.

After sacrifice, the head was separated from the body and the cranium and dura

mater were dissected from the remaining head tissue. Dissection was completed

within three hours of sacrifice. The dissection procedure follows: removal of the

skin, cutting the skull open along the lower jaw line, removal of the nasal bone, and

careful scooping out of the brain. This left the dura mater in tact along the frontal,

parietal, and occipital lobes of the cranium. It was important that the dura mater

was not scraped off of the interior skull, as the adhesion to the skull maintained the
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Figure 2.1. Procedure for ex vivo dural incision on neonatal and adult murine
cranial dura mater. a) Pregnant adult female ICR mice (day 60+) obtained
from Envigo (Indianapolis, IN) were housed until giving birth to mice pups.
b) On postpartum day four, the two age groups are sacrificed, with their
cranium and dura mater dissected within three hours of sacrifice. Care was
taken to extract the dura mater intact with the calvaria, to capture the in
situ conditions. c) Transverse and longitudinal cuts were made with a no.
11 blade scalpel within the parietal lobe. Images were taken immediately
after and five minutes later using a Nikon AZ 100 Marco/Zoom Scope with
a Nikon DS-L2 camera unit attached to the microscope.
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dura’s stretched configuration, even once the mouse is deceased. Additional tissue

was stripped away to avoid obscuring the cut area along the calvaria.

A no. 11 blade scalpel was used to incise the dissected dura mater while immersed

in Phosphate buffer saline. Dr. Oberman made longitudinal (anterior-posterior) and

transverse (medial-lateral) incisions from the superior position over the upside-down

skull, attempting to make slits along the middle of the medial-lateral distance in the

parietal dura. Care was taken to make uniformly sized incisions, however, incisions

were manually located within the middle of the extremely small skulls, leading to

significant deviations in cut sizes and locations. Images were taken of the incision

immediately after cutting and five minutes later, to capture the tissue’s relaxation to a

new static equilibrium. Images were taken using a Nikon AZ 100 Marco/Zoom Scope

with a Nikon DS-L2 camera unit attached to the microscope. Images of the incisions

were captured at a variety of magnifications, however, the mature and immature

dural cuts were primarily recorded at 3x and 4x scale, respectively. Across three

experimental dates, images of 15 dural incisions from 11 subjects (n=5 neonatal, n=6

adult) at two time points were recorded and measured (Table 2.1). When possible,

both cut orientations were performed for a single subject. Additional images were

taken of the fully dissected cranium without the nasal lobe, allowing the dimensions of

the skull to be measured and used for estimation of the in silico model’s dimensions.
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TABLE 2.1

EX VIVO TEST SUBJECTS (n) AND DURAL INCISION SAMPLES BY

AGE GROUP

Age-group n Transverse Longitudinal

Neonate 5 2 5

Adult 6 4 4

2.1.2 Ex vivo measurement of cranium and dural incision

The post processing of the 15 dural incision images and skull dimensions was

conducted using the Java-based image processing program, ImageJ [57]. The images

were scaled to their appropriate magnification and all dimensions were measured

using the distance tool.

The cranium length, width, and height were used to create the in silico ellipsoids,

making the models more reminiscent of the in vivo tissue curvature and its effects

on the incision opening dimensions. The skull dimensions were measured by visually

approximating the boundaries of samples in the lateral, anterior, and posterior views

of the neonatal (Figure 2.2, left) and adult mice (Figure 2.2, right). While the dura

mater was not visible, the crania were so thin that it was assumed there was nearly

negligible difference in the skull and dura’s length, width, and height.

The thickness of the dura mater—on the order of 0.001mm—could not be mea-

sured by from images. Instead, murine dural thickness was estimated from the scaling

down of previously measured rodent dural thickness (0.049± 0.015mm) from Kinaci
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Figure 2.2. Post processing of experimental images using ImageJ. Measure-
ment of neonatal (left) and adult (right) mice skull/dura mater dimensions
used for creation of the in silico model. All scale bars indicate 1mm.

et al. [58]. Scaling from rat dura was an appropriate approximation for average

thickness because rats and mice are anatomically very similar [59, 60]. A simple

proportionality relation,

td,M
ts,M

=
td,R
ts,R

, (2.1)

was used, where the adult mouse dural (td,M) and skull thickness (ts,M) were related

to the adult rat’s dural (td,R) and skull (ts,R) thickness. O’Reilly et al. [61] offered

an estimation for mouse and rat skull thickness (0.02mm and 0.71± 0.03mm, respec-

tively), enabling the calculation of the estimated adult mouse’s dural thickness. The

thickness of the neonatal mice dura mater was further scaled down from the esti-

mation for the adult. Again because of the visual measurement limitations, it was

difficult to tell just how much the neonatal dura mater decreased in thickness from

the adult. Thus, another proportionality relation was used to estimate the newborn
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dural thickness (td,m):

td,m
td,M

= average

(
ls,m
ls,M

;
ws,m

ws,M

;
hs,m

hs,M

)
, (2.2)

using the average of the ratios of adult and neonate dimensions, where m subscripts

denote neonatal measurements and M remains associated to the adult mice. While

the dura mater in other mammalian species has been shown to globally vary in

thickness throughout the calvaria [30, 31], the in silico model assumes homogeneous

thickness throughout. Heterogeneous thickness was expected to have negligible effects

on the in silico model’s dural incision openings, because the thickness of both age-

groups was on the order or less than 0.001mm (Table 2.2).

TABLE 2.2

EX VIVO CRANIUM MEASUREMENTS AND CALCULATED

QUANTITIES

Age-group l (mm) w (mm) h (mm) t (mm)

Neonate 8.674 8.555 2.884 0.00138

Adult 18.630 13.012 4.586 0.00081

The incision opening lengths (a) and widths (v) were recorded for all samples, and

the width:length ratio was calculated. For reproducibility, the widths were measured

at 0.25, 0.50, and 0.75 of the total incision opening length. The lengths and widths

were re-measured three times over the course of three weeks to account for some

potential variations that could have arisen from human error. The cut lengths and

widths for the 15 dural incisions from 11 subjects (n=5 neonatal, n=6 adult) were
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averaged according to cut orientation and age-group (Table 2.3).

Figure 2.3. Measurement of incision opening lengths (a) and widths (v).
Widths were measured at 0.25, 0.50, and 0.75 of the total length. All scale
bars indicate 1mm.

TABLE 2.3

EX VIVO DURAL INCISION OPENING WIDTH AND LENGTH

MEASUREMENTS

Age-group Cut orientation a v(0.25a) v(0.50a) v(0.75a)

Neonate Transverse 1.06± 0.74 0.20± 0.08 0.22± 0.08 0.19± 0.11

Neonate Longitudinal 1.82± 0.44 0.15± 0.10 0.19± 0.09 0.14± 0.08

Adult Transverse 1.75± 0.39 0.35± 0.15 0.42± 0.15 0.33± 0.13

Adult Longitudinal 2.56± 0.30 0.16± 0.06 0.23± 0.08 0.21± 0.07

*Measurements reported in millimeters.
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2.2 In silico murine dural incision

2.2.1 Kinematic model of pre-stretch

In the current study, the kinematics of pre-stretch are accomplished by modifying

certain aspects of the theory of finite growth in elastic soft tissues introduced by

Rodriguez et al. [56]. Rodriguez et al. [56] models growth kinematics by decomposing

finite growth of an elastic material into first the stress-free addition or removal of

material, followed by the elastic deformation of the tissue. This approach insures

growth is accomplished without introducing discontinuities. The mathematical model

that applies finite stretching is visualized in Figure 2.4 and discussed within this

section.

The initial geometry created in Abaqus begins as the stress-free reference body

BAbaqus, fixed in space with material points xAbaqus. The motion of the material points

as they deform from the referential body to the in vivo pre-stretched configuration

are described as a function of the material points and time: xp = φ(xAbaqus, t). In

taking the gradient of the mapping function with respect to the material points, the

deformation gradient and its Jacobian are given:

F = ∇φ, where J = detF > 0. (2.3)

F and J act as the fundamental measures of fiber and volume changes of a material

from one configuration to another, respectively.

The initial body rigidly deforms to the pre-stretched configuration, thus there is

no relative motion between xAbaqus and xp and no volume change. The issue arises

then, if F simply equals the identity matrix (I), elastic stretch must be induced by

another means. This is accomplished by preforming the multiplicative decomposition

of the deformation gradient.

F = F p · F 0. (2.4)
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Figure 2.4. Kinematics of finite stretching and post-dural incision defor-
mation of the murine cranial dura mater. The 1/8 ellipsoid shapes are the
idealized geometry which represent the neonate and adult dura. The initial
stress-free model (top left) is a fictitious configuration only known to Abaqus.
The in vivo stretched configuration is created through two deformations, one
which creates a thicker, smaller tissue (F 0) and one which stretches it elasti-
cally to achieve the same geometry under pre-stretch (F p). The post-dural
incision deformation (F e), resulting in the cut tissue (right), is determined
from F e = F total · (F 0)−1, where F total is the total deformation recorded by
Abaqus.

F 0 describes the irreversible re-arrangement of the material, into an intermediate

stress-free configuration. This configuration is reminiscent of the ex vivo state of

the dura mater, in which the excised tissue, free of bony attachments, retracts to

a smaller, stiffer sample. From this intermediate configuration, F p applies an elas-

tic deformation to return the material points to their original location, maintaining

compatibility while finitely stretching the solid.

On a similar vein, J can be multiplicatively decomposed,

J = JpJ0, (2.5)
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where J0 is the volume change resulting from re-arrangement and Jp represents the

volume change enforced by elastic deformation. Jp characterizes the compressibility

behavior by returning the material point’s back to their initial configuration.

In assuming the material is nearly incompressible (Jp ≈ 1), all stretching along

the material’s principal directions will be dependent on one scalar stretch parameter,

λp. λp was applied in the two planar directions transverse to the undeformed unit

normal vector (n0) at each point along the in silico model’s outer surface. Rausch

and Kuhl [35] offered an expression for the deformation due to transversely isotropic

stretching:

F p = λp[I − n0 ⊗ n0] +
1

λ2
p

n0 ⊗ n0. (2.6)

Within Equation 2.6, the first term is associated with the in-plane stretching, while

the second term defines the thickness contraction as a product of in-plane stretch.

Isotropic stretching was believed to be a fair approximation of the applied pre-stretch

because several studies have reported the dura mater behaves isotropically [20, 21,

26, 32, 62].

The stress in the tissue is a function only of the elastic stretch, F e, which can be

found directly from F total, a known quantity within Abaqus. Like F and F p, F total

and F e are related through F 0. Using the knowledge that

F = I, thus, F p = (F 0)−1, (2.7)

the total deformation of the model, can be rewritten in terms of the planar pre-stretch,

yielding an expression for the elastic deformation:

F e = F total · (F 0)−1 = F total

[
λp[I − n0 ⊗ n0] +

1

λ2
p

n0 ⊗ n0

]−1

. (2.8)

This method allows in-plane stretch to be easily related to the change in incision
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opening dimensions. λp was set to linearly increase with analysis increment time,

(ti),

λp,i = βti + 1.0, where, β =
(λp,f − 1.0)

tf
, (2.9)

and tf is the total analysis time, and λp,f is the maximum prescribed in-plane stretch.

While properly computing F e ensures conservation of mass within the closed

system, all other forces must be balanced using Cauchy’s first equation of motion.

The continuum formulation of the balance of linear momentum in the local form,

ρẍ = ∇ · σ +B, (2.10)

relates the acceleration of the body, with density ρ, to the body forces, B, and

divergence of the Cauchy stress, ∇ · σ [63]. With no active body forces applied and

inertial forces neglected because the model quasi-statically deforms, Cauchy’s first

equation of motion reduces to

∇ · σ = 0. (2.11)

A neo-Hookean hyperelastic material model was employed to determine the Cauchy

stress tensor. The constitutive model was selected and calibrated to experimental

data through the procedure outlined in Section 2.2.2.

2.2.2 Calibration and selection of constitutive model

To reproduce the murine cranial dura mater’s stress-strain behavior in silico,

a hyperelastic material model was applied. Several uniaxial [20, 24, 26, 27] and

biaxial [16, 19] loading studies—across multiple mammals (human, rat, and pig)—

have shown that cranial dura mater deforms non-linearly, requiring that a hyperelastic

constitutive model must be used to solve for the Cauchy stress. The models were

calibrated to ex vivo stress-stretch data of rodent cranial dura mater under uniaxial
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loading [20]. Because of the significant similarities between mouse and rat head

anatomy [59, 60], the murine stress-strain curve was assumed to follow a similar

profile to the rodent, thus the data from Maikos et al. [20] was used for model

calibration.

Three potential models were investigated: the neo-Hookean (NH), Mooney-Rivlin

(MR), and Ogden (O) model. The Cauchy stress of a hyperelastic material is de-

pendent on a strain energy function, a scalar-valued function that relates the energy

required to deform a material to the deformation gradient [63]. For an isotropic ma-

terial, the strain energy functions, Ψ(λ1, λ2, λ3), with respect to the three principal

stretches, follow:

ΨNH(λ1, λ2, λ3) = µ(λ2
1 + λ2

2 + λ2
3 − 3), (2.12)

ΨMR(λ1, λ2, λ3) = C1(λ
2
1 + λ2

2 + λ2
3 − 3) + C2(λ

2
1λ

2
2 + λ2

2λ
2
3 + λ2

3λ
2
1 − 3), (2.13)

ΨO(λ1, λ2, λ3) =
N∑
i=1

ui

αi

(λαi
1 + λαi

2 + λαi
3 − 3). (2.14)

The constants µ,C1, C2, and ui are a measure of material rigidity or stiffness. Because

this is an incompressible material, the accuracy of the model rests in the approxi-

mation of the stiffness. The three different models offer varying complexity. The

neo-Hookean estimates the shear modulus, µ, directly, while the Ogden model can

be tuned, to the Nth parameter. N= 3 is often more than sufficient to accurately

replicate the non-linear stress-strain behavior of biological tissues [20].

The Cauchy stress for an incompressible hyperelastic material with respect to the

principal stretches takes the form:

σ = −p+ λa
∂Ψ(λa)

∂λa

, where a = 1, 2, 3, (2.15)

where p is an internal pressure that must be determined. Given the calibration data
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comes from a uniaxial tension test and the material is considered incompressible,

the principal stretches are dependent on a single scalar stretch value (λ1 = λ, thus

λ2 = λ3 = 1√
λ
). Additionally, because the dura samples’ boundaries are free, aside

from the connection to the tensile testing equipment, the Cauchy stresses in the

normal directions are zero. This allows p to be computed, greatly simplifying the

determination of the expression for Cauchy stress in the direction of loading:

σNH(λ) = 2µ(λ− 1

λ2
), (2.16)

σMR(λ) = (2C1 +
2C2

λ
)(λ2 − 1

λ
), (2.17)

σO(λ) = 2
N∑
i=1

ui(λ
αi − λ− 1

2
αi). (2.18)

The nominal or engineering stress is obtained by dividing Equations 2.16, 2.17, and

2.18 by λ.

A curve-fitting algorithm calibrated the unknown parameters (µ,C1, C2, ui, and

αi) of the constitutive models to nominal stress-stretch data from Maikos et al. [20].

The model parameters were fit only to the first half of the experimental data be-

cause we were primarily interested in the initial stretching (0 − 10% strain). The

stress-stretch curve of each constitutive model against the calibration data (Figure

2.5) indicate the success of each model and their fitted parameters (Table 2.4), at

recreating the material behavior.

Although the Ogden model (N=3) precisely recreates the rodent cranial dura

mater stress-stretch curve, the neo-Hookean model was chosen for the in silico model.

This choice was motivated by the nature of the current study. The present investi-

gation is primarily interested in how improvements of model geometry influence the

determined in vivo pre-stretch. Effects of curvature and asymmetry were placed at

a higher priority than material characteristics, however, it was important that the

tissue was modeled as a non-linear elastic material. Thus, neo-Hookean assump-
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tions sufficiently capture that behavior, but avoid the mathematical complexity of

the Ogden model (N=3).

Figure 2.5. Curve fit of hyperelastic material models to stress-stretch curve
of uniaxially loaded rat cranial dura, obtained from Maikos et al. [20]. The
model’s were calibrated within a stretch of 1.00 to 1.08, as the in-silico models
primarily deform through this elastic region.

Ultimately, the murine cranial dura mater was modeled as a nearly incompressible,

homogeneous, isotropic, neo-Hookean solid. To avoid numerical issues, the material

was computationally modeled as “nearly” incompressible (Poisson’s ratio > 0.45),

ΨNH(C
e, Je) =

µ

2
[tr(Ce)− 3− 2 ln (Je)] +

L

2
ln2 (Je), (2.19)

where Ce = (F e)T · F e is the elastic right Cauchy Green deformation tensor. This

required the introduction of the second Lamé constant, L, which is related to the bulk
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TABLE 2.4

COEFFICIENTS OF CALIBRATED HYPERELASTIC CONSTITUTIVE

MODELS

Coefficient Model Value

µ (MPa) Neo-hookean 1.13

C1 (MPa) Mooney-Rivlin 0.56

C2 (MPa) Mooney-Rivlin 2.76× 10−10

G1 (MPa) Ogden (N=3) 3.57× 10−15

α1 Ogden (N=3) 2.76

G2 (MPa) Ogden (N=3) 4.92× 10−3

α2 Ogden (N=3) 57.74

G3 (MPa) Ogden (N=3) 3.64× 10−15

α3 Ogden (N=3) 3.16× 10−3

modulus and describes a material’s response to uniform hydrostatic pressure, thus

defining the compressibility. When computationally modeling nearly incompressible

materials, an experimentally determined bulk modulus is not required, but rather L

can be assumed to be significantly larger than the shear modulus (≥ 1000µ).

The Cauchy stress with respect to be and Je is given by

σ =
1

Je
[µbe + (L ln(Je)− µ)I], (2.20)

with the elastic left Cauchy Green deformation tensor, be = F e · (F e)T .
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2.2.3 In silico model geometry and boundary conditions

The neonatal and adult dura mater were modeled as thin, three-dimensional 1/8

ellipsoids. The axes sizes, thickness, and initial cut lengths/locations were deter-

mined through further idealization of the skull dimensions (Table 2.2). The cranial

dimensions were used as proxies for the dural dimensions because of the tissue’s

rigid conformity to the extremely thin bone, making for nearly negligible differences

between the two tissues lengths, widths, and heights.

Figure 2.6. In silico models of neonatal, a) and b), and adult, c) and d),
murine cranial dura mater. Symmetry along the anatomical reference planes
(axial, coronal, and sagittal) were used to simplify the models into 1/8 el-
lipsoids. The axial plane is the x-z plane, the coronal plane is the y-z plane,
and the sagittal plane is the x-y plane. Roller constraints were imposed
perpendicular to faces lying on the axial, coronal, and sagittal planes. The
deforming dura mater has a surface-to-surface interaction with a fixed rigid
shell, ensuring there is no change in curvature throughout stretching. Models
were partitioned into two parts along either the middle of the major, a) and
c), or minor, b) and d), axis. The split parts were joined with tie constraints
(solid black line), while the initial length of the dura incision was left uncon-
strained (dotted black line).
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Starting as a full ellipsoid, symmetry along the anatomical reference planes (axial,

coronal, and sagittal) were used to simplify the models into 1/8 ellipsoids. The axial

plane is the x-z plane, the coronal plane is the y-z plane, and the sagittal plane is

the x-y plane. Qualitatively, the neonatal and adult cranium have roughly a hemi-

ellipsoidal shape when cut along the axial plane. The hemi-ellipsoid was reduced

to a 1/4 ellipsoid by considering the dural cuts were exclusively performed in the

parietal lobe. Existing experimental measurements of ICR mice cranial lobe lengths

[64] reported that the parietal, interparietal, and occipital lobes made up roughly half

(51.65%) of the total length (excluding the nasal lobe). With the actual percentage

close to half of the total length, it was deemed appropriate to assume axisymmetric

boundary conditions along the coronal plane of the hemi-ellipsoid. The new 1/4

ellipsoid model was 51.65% of ex-vivo length.

Finally, looking at the anterior and posterior views, it was observed that both

the neonatal and adult mice skulls were fairly symmetric along the sagittal plane.

Thus, the 1/4 ellipsoid was assumed symmetric along the sagittal plane, resulting

in the final 1/8 ellipsoid. The 1/8 ellipsoid had a major axis (a) of 51.65% of the

ex vivo measured length, and two equally sized minor axes (b and c) 50% of the

ex vivo measured width. The width was chosen over the height for the minor axis

size because the incisions occurred in the superior position over the axial plane. The

axes sizes for the neonatal models are included in Table 2.5 with the model thickness

determined in Section 2.1.2.

The simulation of the dural incisions were accomplished by splitting the 1/8 ellip-

soid into two parts, leaving the center of the partition unconstrained. Experimentally,

Dr. Oberman performed ex vivo incisions from the superior position, with intention

to cut in the middle of the medial-lateral distance of the parietal dura. This process

was emulated in the computational model, in which the 1/8 ellipsoid was partitioned

along the axial plane in 1) the middle of the major axis for the transverse incision
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and 2) the middle of the minor axis for the longitudinal incision. The two parts were

then tied together above and below the cuts. Tie constraints enforce that there is

no relative motion between connected nodes, even if nodes are not directly aligned

along the boundary. The initial length of the transverse, at, and longitudinal, al, cuts

(included in Table 2.5), or the unconstrained regions, were the average length of the

measured ex vivo incisions determined in Section 2.1.2.

TABLE 2.5

IN SILICO MODEL DIMENSIONS, THICKNESS, AND INITIAL CUT

LENGTHS

Age group a (mm) b (mm) c (mm) t (mm) at (mm) al (mm)

Neonate 4.480 4.278 4.278 0.00081 1.058 1.823

Adult 9.622 6.506 6.506 0.00138 1.753 2.557

Two models were created with different boundary conditions: neonatal ICR mouse

dura mater with transverse (Figure 2.6a) and longitudinal (Figure 2.6b) cuts, and

adult with transverse (Figure 2.6c) and longitudinal (Figure 2.6d) cuts. Each de-

formable domain was subjected to a surface-to-surface interaction with a rigid shelled

part to maintain the geometry’s curvature throughout deformation. The rigid shell

had identical axis sizes to the dura mater’s axes with the thickness subtracted. The

rigid part was fixed at a reference point, restricting any translation of the deformable

body. Roller conditions were assigned along all exposed faces of the dural model, with

motion in the y-direction constrained along the axial plane, x-direction constrained
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along the coronal plane, and z-direction constrained along the sagittal plane.

The deformable domains were discretized with four-noded linear tetrahedra, hy-

brid elements with linear pressure variation (C3D4H). This element type was selected

as it offered improved convergence for non-linear geometries. The transverse isotropic

in-plane stretching was applied at the integration point of each element. For all mod-

els, the integration point was a single Gaussian point inside the element. Linear

triangular (R3D3) and quadrilateral (R3D4) rigid elements were used for the contact

interactions. The total number of elements for each simulation, organized by element

type, have been listed in Table 2.6.

TABLE 2.6

TOTAL NUMBER OF ELEMENTS WITHIN EACH IN SILICO MODEL

Age group Cut orientation C3D4H R3D3 R3D3

Neonate Transverse 88054 204 7397

Neonate Longitudinal 77239 204 7397

Adult Transverse 219458 768 22903

Adult Longitudinal 260503 768 22903

2.2.4 Numerical simulation and convergence criterion

The constitutive model was implemented in Abaqus/Standard by modifying an

existing user-defined material (UMAT) subroutine [65]. A UMAT was necessary

to apply the material and mathematical model since the full analysis cannot be

constructed with Abaqus’s built-in options.
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Convergence was improved by changing the solution correction criterion. Initial

convergence issues were product of the near-incompressibility assumption; the model

underwent rigid body deformation with practically no change in volume, known to

Abaqus as “zero volume flux” [66]. When zero volume flux occurs, convergence

requires the residual of the volume field, rVmax, of the current Newton iteration, to be

less than the magnitude of the volume flux, q̃V , multiplied by the criterion for zero

flux, ϵα,

rVmax ≤ ϵαq̃V . (2.21)

If this inequality is satisfied, the iteration converges if the largest correction to the

volume field’s solution, CV
max, is less than a scalar multiple of the largest change in

volume between increments, ∆uV
max,

CV
max ≤ Cα

ϵ ∆uV
max. (2.22)

In finite element analyses, correction is required to retain solution continuity across

the discretized domain [67]. Convergence issues arise within zero volume flux cases

when Equation 2.21 is satisfied, but Equation 2.22 is not. Such is the case of the

current simulations, as the “nearly” incompressible assumption allows the volume to

occasionally change between integration points, requiring larger solution corrections.

When this happens, CV
max can be larger than the change in volume between the

current and previous increments, ∆uV
max. Thus, the iteration does not converge

because Equation 2.22 is not satisfied, even if the residual of the volume field is much

lower than ϵαq̃V . To improve convergence, Cα
ϵ was increased from 0.001 to 0.01, to

allow the simulation to converge with marginally higher solution corrections, while

the allowable residual was not increased [66]. Otherwise, the default convergence

criterion for implicit iteration within Abaqus/Standard was used.
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CHAPTER 3

RESULTS AND DISCUSSION

3.1 Results

In silico models of pre-stretched neonatal and adult murine cranial dura mater

with transverse and longitudinal incisions were created and numerically simulated

in Abaqus/Standard. Comparison of the in silico and ex vivo incision opening di-

mensions allowed for the determination of the in vivo in-plane pre-stretch of the

experimentally tested tissue.

The average opening width over length ratios for each age group and cut orien-

tation were computed for the experimental samples (vex vivo/aex vivo) and numerical

simulations (vin silico/ain silico). Incision opening ratios allowed the cut dimensions to

be compared independent of initial cut length. vex vivo/aex vivo for the neonate trans-

verse and longitudinal cuts were 0.169± 0.048 and 0.100± 0.042, respectively (Table

3.1). vex vivo/aex vivo for the adult transverse and longitudinal cuts were 0.237± 0.067

and 0.093±0.0413, respectively (Table 3.1). The mean experimental incision opening

ratios (Figure 3.1, dotted black line) were plotted atop the change in in silico incision

opening ratios as in-plane stretch, λ, increases (Figure 3.1, solid black line).

Unlike Henderson et al. [28], we determined in vivo pre-stretch in the plane

transverse to the surface’s undeformed unit normal vector, rather than directional

stretches. The “in-plane” pre-stretch is equibiaxial and does not inform of differ-

ences between stretch along the planar principal axes. However, the magnitude dif-

ferences of the in-plane pre-stretch between the cut orientations indicate whether the

anterior-posterior or medial-lateral directions were differently strained. The opening

27



Figure 3.1. vin silico/ain silico was plotted against the prescribed in-plane pre-
stretch (λ) for the simulation of transverse (a and b) and longitudinal (c and
d) dural incisions. vex vivo/aex vivo was plotted (dotted black line) atop the
curves, with the standard deviation of these measurements shadowed in grey.
In comparing a) and b), the adult experienced significantly higher in vivo
in-plane pre-stretch, while c) and d) show the neonate experienced slightly
higher stretching.

width:length ratio for neonatal transverse dural incision (Figure 3.1a) was associ-

ated with an average in-plane pre-stretch of 1.083, while incision opening for the

adult transverse dural incision (Figure 3.1b) corresponded to an average in-plane

pre-stretch of 1.104. Both the experimental incision opening ratios for neonate and

adult longitudinal incisions were markedly lower, with corresponding average in-plane

pre-stretches of 1.053 (Figure 3.1c) and 1.040 (Figure 3.1d), respectively. Higher
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recorded in-plane stretches were associated with the transverse incisions, suggesting

larger anterior-posterior stretching. Smaller deformation post-longitudinal cut im-

ply less significant medial-lateral strain. Unequal stretching supports the conclusion

that in vivo murine cranial dura mater behaves anisotropically and/or experiences

anisotropic residual strain.

The standard deviation of the samples (grey-shaded region) were plotted atop

the computational curves to highlight the potentially large variation in experimental

pre-stretch. The minimum, λmin, and maximum, λmax, in vivo in-plane pre-stretches

corresponding with the ex vivo incision opening ratios’ standard deviations were

determined via linear interpolation. While the adult transverse incision’s simulated

data did not capture the maximum ex vivo incision opening ratio, extrapolation via

fitting a fifth-order polynomial offered an estimation for the adult transverse cut’s

maximum stretch. The determined in vivo in-plane pre-stretches for the ex vivo

dural incision experiment have been detailed in Table 3.1, with the corresponding

age-group and ex vivo incision opening width-length ratios.

3.2 Discussion

3.2.1 Numerical simulation of pre-stretched murine cranial dura mater

The first objective of this study was to create a robust in silico model of in vivo

pre-stretched murine cranial dura mater. The presented model sought to improve

upon Henderson et al. [28], by better capturing the in situ tissue size, geometry

and curvature. The previous model considered the dura mater as a two-dimensional

rectangle, while the current model is a three-dimensional 1/8 ellipsoid. The main

advantage of modeling the dura mater as an ellipsoid is the ability to include the

effects of asymmetric curvature on incision opening. This improvement made the in

silico incision openings more suitable comparisons to the ex vivo incision openings.

A three-dimensional computational model was designed to emulate in situ tissue
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TABLE 3.1

DETERMINED IN VIVO DURAL PRE-STRETCH AND EX VIVO

INCISION OPENING RATIOS

Age group Cut orientation vex vivo/aex vivo λave λmin λmax

Neonate Transverse 0.169± 0.048 1.083 1.057 1.111

Neonate Longitudinal 0.100± 0.042 1.053 1.030 1.079

Adult Transverse 0.237± 0.067 1.104 1.069 1.143

Adult Longitudinal 0.093± 0.041 1.040 1.021 1.061

curvature because the incisions were relatively large compared to the skull/dura’s

width and length, causing the curvature to vary along the incision. The average

transverse cut lengths were 12.37% and 13.47% of the parietal lobe widths for the

neonate and adult, respectively. The average longitudinal cut lengths for the newborn

and adult were 21.02% and 13.73% of the frontal-parietal lengths, respectively. The

incisions cover an appreciable amount of the sample’s length and width, to the extent

that they curved with the cranium. The 1/8 ellipsoid with experimentally measured

axes allowed for the effects of the asymmetric curvature of the in situ environment

to be considered.

Conversely, the two-dimensional model used by Henderson et al. [28] does not

account for any geometric affects. Henderson et al. [28] argues that their plane stress

model is appropriate because the incisions were small relative to the curvature of the

dura. However, comparison of the incision opening length to skull/dura dimensions

invalidate this assumption. Henderson et al. [28] created 4.04 ± 0.79mm transverse

and 5.31±0.98mm longitudinal incisions in adult Sprague-Dawley rats. In vivo mea-

surements of adult Sprague-Dawley rat skulls reported a total parietal lobe width
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of 17.11mm and mean frontal-parietal length of 24.54mm. Here, skull dimensions

were obtained by averaging across the “soft diet” and “hard diet” groups from Abed

et al. [68]. Consequentially, the previous study’s transverse cuts would be on av-

erage 23.61% of the parietal lobe width, while their longitudinal cuts were 21.64%

of the frontal-parietal length. Akin to the current study, their incision lengths are

relatively too large to ignore the effects of curvature on tissue retraction, affirming

the necessity of the presented model. Neglecting these effects likely leads to greater

over-estimation of dura pre-stretch, especially if using linear elasticity because of the

direct relationship between applied strains and incision opening dimensions.

3.2.2 Determination of in vivo pre-stretch

The second objective was to determine the in vivo pre-stretch of the experi-

mental tissue. Isotropic in-plane pre-stretches were successfully estimated for both

age-groups and incision orientations (Table 3.1). Differences in stretch across the

cut orientations offer information about directional differences in the pre-stretch. In-

creased in-plane pre-stretch determined for the ex vivo transverse incision opening

ratios indicate there is significantly larger anterior-posterior or longitudinal stretch-

ing than medial-lateral or transverse stretching. Additional qualitative comparison

clearly shows the transverse cuts deform noticeably more in both the adult and

neonatal cranial dura (Figures A.1, A.2, A.3, and A.4). Henderson et al. [28] quanti-

tatively corroborates this finding by reporting statistically significantly larger average

longitudinal residual strains (6.11 ± 3.62%) than average transverse residual strains

(3.82± 2.64%).

Higher reported longitudinal pre-stretch is interesting in light of the prior finding

[28], suggesting the dura mater of small mammals (mice and rats) may also be ma-

terially anisotropic. However, this conclusion contradicts other studies which showed

the cranial dura mater of larger mammals is globally isotropic [20, 21, 26, 32, 62]. The

apparent mechanical anisotropy of both rodent and murine cranial dura mater might

31



imply that the mechanical behavior is species-dependent. Scanning electron micro-

scopic imagery [21, 26, 32] and small angle light scattering of human cranial dura [62]

indicate that the tissue lacks any global fiber uniformity, essentially being a collection

of highly uniform patches. Similar fiber alignment was found in smaller mammals

via Polarized light microscopy imaging of rat cranial dura [20]. However, comparison

of cranial rat dura from [28] to human dura quantitatively show rodent dura mater

has noticeably longer and frequent longitudinal fibers, with small and less-frequent

transverse fibers. Variation across mammals is common for biological tissues, and

has even been proven for lumbar dura when comparing rodents, canines, and humans

[20, 32]. Microscopic imaging may provide further evidence of this phenomena in

murine cranial dura.

The averaged magnitude of the determined in vivo in-plane pre-stretch offer ad-

ditional physiological implications of the dural pre-stretch. We found an average

(across the two cut orientations) in-plane pre-stretch of 1.068 and 1.072 in neonatal

and adult mice, respectively. This would imply that the dura is likely less compliant

in vivo. The stress-stretch curve for the ex vivo testing of rodent cranial dura (Figure

2.5) highlight the exponential change in stiffness. The dura mater physically changes

between stiffness regimes; the tissue’s collagen fibrils are wavy and loose when softer,

and successively uncrimp as the material stiffens. With average in-plane residual

strains of 6.8% and 7.2%, the dura mater’s collagen fibers are expected to be fairly

taut. This is advantageous for limiting further deformation which could damage the

tissue vasculature or extracellular matrix. Increased rigidity may also serve to re-

strain motion of the brain. For example, the dura mater that separates the cerebral

hemispheres (the falx cerebri) is significantly more rigid than the surrounding tissue

and laterally constrains brain deformation [69]. Finally, we postulate that reductions

in dural pre-stretch may increase the likelihood of premature cranial suture fusion.

Fong et al. [13] found that important cytokines for neurocranial remodeling (TGF-
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β1 and FGF-2) were up-regulated under increased mechanical strain in dura cells. If

dural pre-stretch was reduced, the in vivo tissue would experience greater stretch-

ing, prematurely triggering protein expression and ossification of the cranial sutures.

Future investigations of pre-stretch in pathological cranial dura mater may provide

support this hypothesis.

3.2.3 Age-dependency of murine cranial dura mater pre-stretch

The final objective was to examine the age-dependency of the in vivo in-plane

pre-stretch. The neonatal and adult pre-stretch were compared, with the hopes of

elucidating how the elastic deformation of the tissue changed throughout growth, and

the implications this might have on cranial suture fusion. Although the small sample

size poorly represents the mouse population, the quantitative and qualitative results

suggest age-dependent characteristics of murine cranial dura.

We found similar pre-stretches in both directions of the neonatal mouse, suggest-

ing that immature dura might be more isotropic, or at least stretched more isotrop-

ically, than the adult. Qualitatively, when looking at the neonatal cranium (Figure

2.2, left), the parietal, interparietal, and occipital lobes appear to create a relatively

spherical shape, as opposed to the adult’s hemi-elliptic shape. While geometry might

not play into the material anisotropy, bipedal mammals with more rounded heads

(humans) have isotropic dura [21, 26, 32, 62].

However, neonatal mice dura behaving isotropically directly contradicts Hender-

son et al. [28], who found significantly higher longitudinal residual strain in immature

rats and overall larger average residual strains among younger age groups. They re-

mark that increased longitudinal strain is plausible because the cranial vault is set to

grow more longitudinally rather than transversely. Their findings are corroborated

by in vitro examinations of immature rodent dura cell mechanosensitivity [13, 14].

Greenwald et al. [14] demonstrated that newborn rat cells (day six) were significantly

more biologically active than adult cells (day 60), and Fong et al. [13] calculated a
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maximum equibiaxial strain of 9.7% in neonatal (day zero) rodent cells, as opposed

to 0.1% in adult (day 60) rodent cells. One potential reason for the current study’s

inconsistent findings may be tracked to differences in neonatal and adult mice skull

stiffness.

Like Henderson et al. [28], particular care was taken to leave the ex vivo dura

firmly attached to the calvaria, to capture in situ conditions. However, the neonatal

cranium is so thin, small, and thus highly deformable, that the immature cranium

likely deformed during the dural incision. Potential evidence of the soft skull’s im-

pact may come from reviewing the relaxation of the dura across the two age-groups.

Relaxation of the dura mater was quantitatively examined by computing the percent

difference in incision opening lengths and widths (at half of the length) between t = 0

min and t = 5 min. First, the percent differences (ea and ev) were computed for all

a and v measurements in Table A.1,

ea = 100× at=0 − at=5

at=0

and ev = 100× vt=0 − vt=5

vt=0

. (3.1)

Then, all ea and ev were averaged to get δa and δv, respectively. A small δa (< 1.5) for

both age-groups and cut orientations indicate there was virtually no incision length

change over time (Table 3.2). Conversely, δv for the adult transverse incisions was

much larger than the neonate’s (Table 3.2). One could posit that the relatively

small changes in neonatal transverse cut dimensions after relaxation are due to the

immature skull deforming with the dura, thus releasing more strain energy. This

could potentially explain why pre-stretch associated with the transverse incisions

was lower for the neonatal tissue. However, δv for the longitudinal incisions do not

wholly support this hypothesis; the neonatal average percent difference in incision

opening length was greater than the adults (10.956% versus 5.166%) (Table 3.2).

Alternatively, these results may say more about the directional dependency of the

34



murine cranial dura, rather than the age dependency.

TABLE 3.2

ABSOLUTE AVERAGE PERCENT DIFFERENCE BETWEEN

INCISION OPENING LENGTH (a) AND WIDTH (v) AT t = 0 MIN

AND t = 5 MIN

Age-group Cut orientation δa (%) δv (%)

Neonate Transverse 0.014 0.135

Neonate Longitudinal 0.724 10.956

Adult Transverse 1.359 7.464

Adult Longitudinal 1.416 5.166

The differences in cranial softness and incision relaxation has not been previously

discussed by Henderson et al. [28], indicating that this might not impact the dural pre-

stretch of larger Muridae. Unfortunately, scarcity of test subjects make conclusions

about the influence of cranial softness and geometry on age-dependent pre-stretch

more hypotheses than theories. Furthermore, although the current study provides

some evidence of age-dependent pre-stretch, conclusions about the mechanosensitiv-

ity of the dura and its role in cranial suture fusion will require additional experimen-

tation. The value of the current investigation rests in providing a new, more robust

in silico model and mathematical framework for numerical simulation of cranial dura

pre-stretch.
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3.3 Limitations

3.3.1 Experimental limitations

The investigation is heavily limited by a small experimental size (n = 5 neonate,

n = 6 adult). This impacted the estimation of the cranial, and thus the dural, mea-

surements for length, height, and width. With more samples, averaged dimensions

better representative of the average newborn and mature ICR mice could have been

determined and applied to the in silico model. More importantly, the lacking sample

size bring into question the validity of the magnitude of the determined in vivo pre-

stretch. For example, the in-plane pre-stretch associated with the neonatal transverse

dural incisions was estimated based on the incision opening ratios from just two sub-

jects. These incision opening ratios significantly differed (range = ±0.048), making

λmax and λmin drastically different than λave. The neonatal longitudinal and both

adult incisions also saw similar standard deviations. Incision opening measurements

from more subjects may not change λave, but give us an idea of the true variability

among individuals.

The measurements of the skull and incision lengths and widths were impacted by

the inherent limitations of ImageJ. Firstly, measurements made using ImageJ were

visually approximated. Secondly, the precision of the measurements was restricted

by the resolution of the images. Precision was dependent on the image scale, with 4x

magnification being fairly precise, yet still not fine enough to measure the thickness of

the mouse skull and dura across both age groups, requiring estimation from previous

experimental data [58, 61]. This ties into the third limitation, in that relative error of

distance measurements increased as magnitude of the dimension decreased [28]. For

larger measurements, such as the cranium dimensions, mismeasuring by a few pixels

has significantly less of an impact on the accuracy of the measurement, as opposed to

the incision widths or lengths. By this logic, the neonatal incision opening dimensions
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had a larger error than the adult for images of the same magnification.

Increasing the magnification helped minimize measurement error, yet, it could not

overcome implicit limitations of image-based measurement. Firstly, all measurements

were the euclidean distance between points. This was done so that the experiment

may be more easily reproduced, however, this method fails to capture any slight

curving of the cut length or width. Secondly, image quality influenced the accu-

rate determination of incised tissue’s retraction boundaries. This was a case-by-case

hindrance, as some images (Figure A.2, V) the open cut is fairly clear, while the

boundaries in others (Figure A.4, V) were extremely difficult to ascertain.

Like imageJ, the cutting method has fundamental drawbacks. The cutting method

discounts small stretching that results from the thickness of the scalpel blade (Figure

3.2). Roughly 0.4mm thick [70], the no. 11 blade scalpel would create an incision up

to 0.4mm wide. As represented by Figure 3.2, the dural tissue could have been pushed

apart by the scalpel, rather than retracted following the release of residual stress. Any

incisions openings less than or equal to this width may have been associated with

over-estimations of pre-stretch. Secondly, the cutting method primarily approximates

stretch perpendicular to the cut; the width of the opening is the only real indication

of residual strain.

The cutting method also only approximates residual strain in its local environ-

ment. However, an argument can be made that the tissue and cut’s relative scale

determines the weight of this limitation. As stated in Section 3.2.1, the incisions

made within the immature and mature dura were relatively large, with average inci-

sion opening lengths between 12.37% and 21.02% of the total dimension along which

they were cut. Pairing the small, thin, non-linear geometry of the murine cranial

dura mater with the average incision lengths, one can posit that the global behavior

is captured and that this is likely a greater limitation for larger tissues. Conversely,

the test subject’s small size increased the difficulty of preforming the cuts.
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Figure 3.2. Representation of the scalpel blade separating the dura mater,
rather than tissue retracting following the release of residual stress. Ar-
tificially opened incisions due to the 0.4mm thick [70] blade may lead to
over-estimations of in vivo pre-stretch.

Dr. Oberman attempted to make all incisions along the middle of medial-lateral

distance within the parietal lobe. In practice this was quite difficult because the

samples were free to move throughout cutting, for constraining them could potentially

damage the dura. Yet, the act of cutting posed a greater threat to tissue damage,

and lead to the significant reduction in usable dural incision measurements. Early

on, the incisions were performed with a no. 15 blade scalpel, which unfortunately tore

through the neonatal cranium and damaged a few adult skulls. Switching to no. 11

blades improved the quality of the cuts; however, quite a few immature dura samples

were torn in other locations prior to imaging. In these cases, mutilation could have

occurred prior to incision during dissection. Similar issues were not mentioned in the

prior work, even though Henderson et al. [28] used no. 15 blades, indicating this may

be a greater issue for smaller muridae. Finally, the overall slitting experiment must

be considered an estimation of in vivo pre-stretch because cutting was performed ex

vivo. The mechanical behavior of hydrated, in situ tissue may be more reminiscent

of in vivo dura, but does not directly recreate the strain response of living cells.
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3.3.2 Computational limitations

The fidelity of the numerical simulations was hindered by necessary assumptions

about dura mater material properties, in situ geometry, and mathematical model

of pre-stretch. Despite improving significantly upon previous in silico models [28],

the lack of mouse calibration data, simplicity of the neo-Hookean model, geometric

idealization, and numerical simulation of transverse isotropic stretching, limited the

exactness of the current simulations.

The neonatal and adult constitutive models were calibrated to the same mature

rodent cranial dura stress-stretch data. While the dura mater of the two species

may have similar stress-strain profiles, the actual stiffness is likely different because

of the different scales. Similarly, size and age differences suggest the stiffness of

newborn cranial dura mater is different than mature dura. Qualitatively, this is

assumed because of the immature tissue’s decreased vasculature. Quantitatively,

differences in estimated in vivo in-plane pre-stretch between the examined age-groups

indicate that other mechanical properties—like stiffness—must be age-dependent.

Thereby, the implied stiffness from the fitted shear and estimated bulk modulus

must be slightly more off for the neonate than adult model. The absence of prior

experimental characterization of the material behavior of murine cranial dura left

no reasonable alternatives other than assuming the same model parameters for the

neonatal tissue. Fortunately, this limitation was less consequential because capturing

the non-linear deformation of the dura mater was more important than using exact

material constants.

The neo-Hookean constitutive model described the non-linear elasticity of the

mouse dura mater, but failed to approximate change in stiffness as stress increased.

As evidenced by the calibration study (Table 2.4), the shear modulus (µ), and thus

the Cauchy stress of an isotropic, nearly incompressible, neo-Hookean solid, is defined

by a single fitted parameter. Moreover, this material parameter was only calibrated

39



to the soft regime (λ = 1 to 1.08), meaning the rapid increase in stiffness from

λ = 1.08 to 1.16, was ignored. Higher order hyperelastic models, such as the Ogden

(N=3) model, used more material dependent coefficients to very accurately emulate

the entire deformation of a tissue (Figure 2.5). Prior studies [20, 23] corroborate that

Ogden (N=3) is the ideal constitutive model for other mammalian cranial dura mater.

Other higher order alternatives—the Skalak, Tozeren, Zarda and Chien model—also

closely replicate the non-linear deformation of human dura mater [16, 19]. The neo-

Hookean model was accepted because the current analysis was more focused on the

effects of curvature and geometric asymmetries, however, future in silico works should

treat murine dura as an Ogden (N=3) solid. Subsequent investigations may also want

to incorporate anisotropic pre-stretch and material viscoelasticity. As the results

indicate, murine dural pre-stretch is likely directional dependent, yet, the current

model only applied uniform stretching. Computational models of human dura need

not consider material directionality because of the overwhelming evidence of fiber

isotropy [5, 21, 26, 32, 62]. However, all future simulations of mammalian cranial

dura mater should have time-coupled deformation. Human [22], rodent [20, 28, 29],

and now mouse dura mater (Table A.1), has been recorded relaxing following loading

and incising.

Increased geometric complexity came with numerous subsidiary limitations. Firstly,

equal semi-axes of the 1/8 ellipsoid do not account for the ex vivo measured height

of the neonatal and adult dura mater. This changes the curvature of the ellipsoid,

potentially skewing the incision opening dimensions. Secondly, the models had homo-

geneous thickness. Most biological tissues have varying thickness—and mouse dura

mater should not be expected to be an exception. Previous studies have reported

that human dura mater varies in thickness throughout the calvaria [30, 31]. However,

because of how thin mammalian dura mater is, especially murine dura, heterogeneous

thickness may have a nearly negligible impact on mechanical behavior. Thus, it was
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more important to ballpark the average thickness, which again had to be estimated

because there are no experimental measurements of neonatal or adult murine cranial

dura mater thickness. Thirdly, the effects of imperfections are inherently lost when

simplifying the mouse dura mater into an ellipsoid. Alternatives to the finite element

method, such as isogeometric analysis, offer the opportunity to capture convolutions

and defects in vivo tissue structure [71].

Finally, the mathematical model and numerical simulation of transverse isotropic

stretching raised particular limitations. The in silico model experienced isotropic

pre-stretch, yet, differences between the longitudinal and transverse ex vivo inci-

sion opening ratios clearly show murine dura mater is anisotropically pre-stretched.

Application of anisotropic pre-stretch would likely lead to differently sized incision

opening dimensions at different amounts of residual strain. For these reasons, the

determined in vivo in-plane pre-stretch provides valuable insight into pre-stretch di-

rectionality and age-dependency, but less reliably describes the actual magnitude of

the pre-stretch.

Convergence issues occurred when numerically solving the mathematical frame-

work within Abaqus/Standard. Although the convergence parameter, Cα
ϵ , was changed

to address convergence issues that were product of the near incompressibility assump-

tion (Section 2.2.4), the adult simulations failed to converge to the final prescribed

in-plane pre-stretch of 1.16. This required λmax for the adult transverse cut orien-

tation to be extrapolated after preforming a polynomial fit of the in silico model’s

incision opening ratio-stretch curve.
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CHAPTER 4

CONCLUSIONS

4.1 Summary

Two accurately sized in silico models of neonatal and adult murine cranial dura

mater with longitudinal or transverse incisions were created (Figure 2.6). The dura

mater was modeled as a homogeneous, isotropic, hyperelastic solid. A neo-Hookean

constitutive model was calibrated to experimental data of rat dura mater under uniax-

ial loading, as this offered the closest approximation of the murine dura mater stress-

strain relationship. The constitutive model was implemented in Abaqus/Standard

using a UMAT subroutine. The calibrated in silico models were numerically sim-

ulated under isotropic in-plane stretching transverse to the domain’s undeformed

surface normal. Comparison of the in silico and ex vivo incision opening ratios al-

lowed for the determination of the in vivo in-plane pre-stretch associated with the ex

vivo incision openings. Significantly larger in-plane pre-stretch for both the neonatal

and adult transverse cuts indicate cranial dura mater pre-stretch is anisotropic. This

finding is consistent with studies of previously sized mammals [20, 28]. Qualitative

review of the incision opening images further support anisotropic material behavior

(Figures A.1, A.2, A.3, A.4). The results suggest murine cranial dura mater pre-

stretch is age-dependent; the immature dura appears potentially more isotropic and

experiences less anterior-posterior (longitudinal) residual strain. A small sample size

(n=5 neonate, n=6 adult) limit the reliability of conclusions about age-dependency.

Regardless, ancillary characterization of material behavior, such as the anisotropy of

murine dural pre-stretch, highlight the importance of capturing the asymmetry and
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non-linearity of biological tissues with in silico models. Determining in vivo mechan-

ical properties of biological tissue provide insight into how common pathologies may

arise; in the case of the cranial dura mater, elucidating the tissue’s role in cranial

suture fusion.

4.2 Future directions

The discussion of the experimental (Section 3.3.1) and computational (Section

3.3.2) limitations suggest several reasonable improvements for subsequent investiga-

tions. Experimentally, the reliability of the determined in vivo in-plane pre-stretch

would be greatly improved with an increased sample size. Henderson et al. [28]

recorded measurements for 41 mice, nearly four times the amount used in this study.

Supplying additional ex vivo neonatal transverse incisions would alone improve con-

fidence of the directionality and age-dependency conclusions. Mathematically, the

neo-Hookean hyperelastic model should be replaced with the Ogden (N=3). Higher

order constitutive models are proven to optimally emulate the mechanical behavior

of mammalian dura mater [16, 19, 20, 23]. Geometrically, the in silico model should

be changed from an a > b = c ellipsoid, to an a > b ̸= c ellipsoid. This would

alter the curvature of the current model, accounting for the experimentally measured

height of the cranium/dura samples. More lofty improvements would include the ap-

plication of anisotropic pre-stretching and an automated algorithm for cut boundary

identification. Simulation of directionally dependent pre-stretch would require the

development of a new mathematical model—one compatible with the Ogden (N=3)

formulation of the constitutive equations. Finally, creation of a imaging process-

ing pipeline compatible with ImageJ could improve the fidelity of incision opening

boundary measurements, minimizing human error.
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APPENDIX A

SUPPLEMENTARY FIGURES AND TABLES

Figure A.1. Processed images of neonatal murine cranial dura mater with
transverse incisions at t = 5min. Subjects I and V were imaged at 3x and
4x magnification, respectively. The original images were paired with their
annotated counterparts. All scale bars indicate 1mm.

Figure A.2. Processed images of neonatal murine cranial dura mater with
longitudinal incisions at t = 5min. Subjects I and V were imaged at 4x
magnification. Subjects II, III, and IV were imaged at 3x magnification.
The original images were paired with their annotated counterparts. All scale
bars indicate 1mm.
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Figure A.3. Processed images of adult murine cranial dura mater with trans-
verse incisions at t = 5min. Subjects I and II were imaged at 1x magnifi-
cation. Subjects IV and VI were imaged at 3x magnification. The original
images were paired with their annotated counterparts. All scale bars indi-
cate 1mm.

Figure A.4. Processed images of adult murine cranial dura mater with lon-
gitudinal incisions at t = 5min. Subjects I and II were imaged at 1x magni-
fication. Subjects III and V were imaged at 3x magnification. The original
images were paired with their annotated counterparts. All scale bars indi-
cate 1mm.
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